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Abstract 

In this paper we investigate the operator Hfj = —A — /3S{- — T) in (R'^), where /3 > and 
r is a closed Jordan curve in R^. We obtain the asymptotic form of each eigenvalue 
of Hp as f3 tends to infinity. We also get the asymptotic form of the number of negative 
eigenvalues of Hp in the strong coupling asymptotic regime. 
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1. Introduction 

In this paper we study the Schrodinger operator with a ^-interaction on a loop. Let 
r : [0, L] 9 s ^ (ri(s), r2(s)) e be a closed Jordan curve which is parametrized 
by the arc length. Let 7 : [0, L] —>■ be the signed curvature of F. For /3 > 0, we define 



By Hp we denote the self-adjoint operator associated with the form qp. The operator 
Hf3 is formally written as — A — /35(- — F). Since F is compact in R^, we have aess{Hp) = 
[0, 00) by [3, Theorem 3.1]. Our main purpose is to study the asymptotic behaviour of 
the negative eigenvalues of Hp as (3 tends to infinity. We define 
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in L2((0,L)) 
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with the domain 

P = {<fieH\{0,L)); <p{L) = <p{0), <p'{L) = <p'{0)}. (1.3) 

For j G N, we denote by the jth eigenvalue of S counted with multiplicity. Our main 
results are the following. 

Theorem 1. Let n be an arbitrary integer. There exists (3{n) > such that 

^ad{Hf3)^n for P>p{n). 

For (3 ^ (3{n) we denote by A„(/9) the nth eigenvalue of H/j counted with multiplicity. 
Then A„(/3) admits an asymptotic expansion of the form 

XniP) = ~P^ + f^n + Oip-Hogp) as P^oo. (1.4) 

Theorem 2. The function P i— > ^a^{Hp) admits an asymptotic expansion of the form 

MHp)^^P + OilogP) as P^oo. (1.5) 

The Schrodinger operator with a singular interaction has been studied by numerous 
authors (see [1-3] and the references therein). The basic concepts of the theory are 
summarized in the monograph [1]. A particular case of a 5-interaction supported by 
a curve attracted much less attention (see [3, 4] and a recent paper [5]). In [3] some 
upper bounds to the number of eigenvalues for a more general class of operators (with 
P dependent on the arc length parameter) were obtained by the Birman-Schwinger 
argument (see [3, Theorems 3.4, 3.5, and 4.2]). As it is usually the case with the Birman- 
Schwinger technique, these bounds are sharp for small positive P (see [3, Example 4.1]) 
while they give a poor estimate in the semiclassical regime. On the contrary, our 
estimate (1.5) is close to optimal for large positive p. Our main tools to prove Theorem 
1 and Theorem 2 are the Dirichlet- Neumann bracketing and approximate operators with 
separated variables. 

2. Proof of Theorem 1 

Let us prepare some quadratic forms and operators which we need in the sequel. For 
this purpose, we first need the following result. 

Lemma 2.1. Let be the map 

[0,L) X (-a, a) 3 {s,u) ^ {ri{s) - ur'^{s),r2{s) + ur[{s)) e R^. 

Then there exists ai > such that the map $o is injective for any a e (0, ai] . 

Proof. We extend F to a periodic function with period L, which we denote by r(6') = 
(ri(s), r2(s)). Since F is a closed Jordan curve, we have F e C^(R). We extend 7 
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to a function 7 on R by using the formula 7(s) = T'{{s)T2{s) — T2{s)T[{s). Then 7(-) 
is periodic with period L and 7 e C^(R). By $ we denote the map 

3 {s,u) ^ (fi(s) -'uf^(s),f2(s) +Mf;(s)) e M^. 

Let be the Jacobian matrix of We put 

7+ = max|7(-)|. 

We have 

detJ$(s,w) = l+w7(s)^i for (s,«)eEx[-2i^, ^i^]. (2.1) 

In addition, there exists a constant M > such that 

\d^^jiy)\^M on Mx[-^, ^] (2.2) 

for any 1 ^ |q;| ^ 2 and j = 1, 2, where y = (s, tt) and $(y) = ($i(y), $2(2/))- Combining 
[8, Lemma 3.6] with (2.1) and (2.2), we claim that there exists ao G (0, such that 
$ is injective on [k — gq, k + gq] x [—ao, gq] for all /c G M. We put 

T= min min |f(t) -f(t + p)|. (2.3) 

pe[ao,L/2]te[0,L] 

Since F is injective on [0, L) and r(-) has period L, we have r > 0. Put ai = 
min{ao,T/4}. Let us show that $ is injective on [0, L) x (— ai,ai). We first prove 
the following claim. 

(i) Assume that ^{si,ui) = $(s2,'U2); l^i — 82] ^ ^, and (si,ui), (525^2) G M x 
(— ai,ai). r/ien we have (si,wi) = (82,^2). 

Since $(si,Mi) = $(^2,^2) and |rj(-)| ^ 1 on R for j = 1,2, we obtain 

|f i(si) - fi(s2)| = |«lf'2(si) - «2f'2(s2)| ^ 2ai, 

|f 2(si) - f 2(^2)1 = |«if ;(si) - W2f '1(^2)1 ^ 2ai. 
So we have |r(si) — r(s2)| ^ 2-\/2ai, and therefore 

|f(si)-f(s2)| <r. 

This together with (2.3) implies that |si — S2I < ao. Since $ is injective on [si — ao, si + 
ao] X [— ao, ao] and $(si,tti) = $(82,^2), we get (si,tti) = (s2,tt2)- In this way we 
proved (i). 

Next we shall prove the following implication. 

(ii) Assume that <&(6'i, ui) = $(s2, U2), si ^ S2, and (si, ui), (s2, U2) G [0, L) x (— ai, ai). 
T/ien u;e have S2 — si ^ 4. 
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We prove this by contradiction. Assume that S2 — si > ^. We put ss — S2 — L. Then 
we get < si — S3 < ^ and $(s3,tt2) = $(si,tti). As in the proof of (i) we obtain 
(si, ui) = (ss, U2) which violates the fact that < si — S3 < ^, so we proved (ii). 

Combining (i) with (ii), we conclude that $ is injective on [0, L) x (— ai, ai). □ 

Let < a < ai. Let be the strip of width 2a enclosing F: 

E„ = $([0,L) X (-a, a)). 

Then M^\Ea consists of two connected components which we denote by AJj" and A°"*, 
where AJ^" is compact. We define 

=l|V/||i.(E„)-/3^ 1/(^)1' for feH^i^a), 

?a"/3(/./) = l|V/||i2(s„)-/3^|/(a:)pd5 for feH\T.,). 

Let and be the self-adjoint operators associated with the forms ^ and 
respectively. By using the Dirichlet-Neumann bracketing (see [7, XIIL15, Proposition 
4]), we obtain 

(-A^.O e ® (-Ajjo.0 ^Hp^ (-A?>0 ® ® (-A^out) (2.4) 

in L^(Ajj") © L^(Ea) © L^(A°"*). In order to estimate the negative eigenvalues of Hp, 
it is sufficient to estimate those of Lj^^ and L~ ^ because the other operators involved 
in (2.4) are positive. 

To this aim wc introduce two operators in L^((0, L) x (—a, a)) which are unitarily 
equivalent to and L~ respectively. We define 

g+ = {^eiy^((0,L)x(-a,a)); ^(L, •) = ^(0, •) on (-a, a), 

V7(-,a) = v?(-, -a) = on (0, L)}, 

Q- = {ipeH\{Q,L)x{-a,a)); ^(L, •) = ^(0, •) on (-a, a)}, 

Jo J -a 

+ r r V{s,u)\f\^dsdu-P r\f{s,0)\^ds for / e Q+ 

Jo J -a Jo 



df 


^ pLi pa 

duds + 


df 


ds 


Jo J -a 


du 



duds 



L pa 

(l + «7(s)) 

a 

L pa 



df 



ds 



duds + 

L 



df 



du 



duds 



V{s,u)\f\^dsdu-/3 f |/(s,0)|2ds 

a Jo 



STRONG DELTA-INTERACTION 



5 



for f e Qg^, where 

v{s,u) = i(i + «^(.))-3«y'(.) - ^(i + «7(.))-vy(.)^ - \{i + u^{s)r'^{sr. 

Let B'^ p and B~ p be the self-adjoint operators associated with the forms b'^ ^ and 
respectively. Then we have the following result. 

Lemma 2.2. The operators B'^^ and B~ ^ are unitarily equivalent to L^^ and L~ 
respectively. 

Proof. We prove the assertion only for because that for -B^^ is similar. Given 

/ G L^(E(j), we define 

{Uaf){s, u) = {l + u-f{s)f'^f{^a{s, u)\ (s, u) G (0, L) X (-a, a). (2.5) 

From Lemma 2.1, we infer that Ua is a unitary operator from L^(Ea) to L^((0,L) x 
(—a, a)). Since F is a closed Jordan curve, Ua is a bijection from H^{J]g) to Q~. 
Using an integration by parts, we obtain 



---lf[(^+ U^is))-^yis)iUaf)is,u){Uag){s,u) 



du. 



Since Uaf and UaQ as elements of satisfy the periodicity condition, we get 

QaAf^9) = b-,p{Uaf,Ua9) for f,geH\Ea). 

This together with the first representation theorem (see [6, Theorem VL2.1]) implies 
that 

This completes the proof of the lemma. □ 

Next we estimate and B~ ^ by operators with separated variables. We put 

7;=m^|7'(-)|, 7^=max|7"(-)|, 
V+{s) = \{l- a7+)-'a7: - ^(1 + a7+)-^a2(7;)' - ^(1 + a7+)-^(.)^ 



V-{s) = —{1 - a^+rW-l - - a7+)-V(7;)^ - \{l - a^+y^sf. 



If < a < ^7-1-, we can define 



J -a 



df 



ds 



duds + 



J -a 



df 



du 



duds 



+ f"^ r V+{s)\f\Uuds-/3 r \f{s,0)\^ds for / e g+, 

Jo J-a Jo 
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L />a 



J -a 



df 



duds + 



L />a 



J -a 



df 



Then we have 



+ r r v-{s)\ffduds-/3 r\f{s,o)fds 

Jo J-a Jo 

f\\f(s,a)\^ + \f{s,-a)\^)ds for f e Q- 
Jo 



duds 



(2.6) 
(2.7) 



Let H^p cind ^ be the self-adjoint operators associated with the forms and ^ 
respectively. Let T^^ be the self-adjoint operator associated with the form 

taAfJ)- r \nu)\^du-(3\fm\ f^Hl{{-a,a)). 

J —a 

Let finally be the self-adjoint operator associated with the form 

iaAfJ)= r \f'{u)\'du-P\m\'-l+ma)\' + \f{-a)\% feH\{-a,a)). 

J —a 



We define 



U+ = -(1 - 07+)"^-^ + V+{s) in L2((0, L)) with the domain P, 



ds 



d^ 



?7~ = -(l + a7+)~^— j + F_(s) in L'^{{0,L)) with the domain P. 
ds^ 



Then we have 



(2.8) 



Next we consider the asymptotic behaviour of each eigenvalue of as a tends to 
zero. Let A*^(a) be the jth eigenvalue of counted with multiplicity. The following 
proposition is needed to prove Theorem 2 as well as Theorem 1. 

Proposition 2.3. There exists Ci > such that 



■2 



and 



\Hj{a) - ^ Ciaj 



l/x - (a) - lJ,j\^ Ciaf 



(2.9) 
(2.10) 
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for j e N and < a < where Ci is independent of j , a. 
Proof. We define 

Sq ~ — — r in L^((0,L)) with the domain P. 
ds^ 

Notice that the jth eigenvalue of counted with multiphcity is 4[|]^(^)^. Since 

\\S - So\\s(Lmo,L))) ^ ^7+, 

the min-max principle (see [7, Theorem XIII. 2]) implies that 

l2/ /r)\2| ^ ^^,2 



|/x, -4[j72]^(7r/2)^| ^ -7^ for jeN. (2.11) 



Since 



- (1 - a^+r'S =^(1 - a^+rWi - ^(1 + a^+r'a\^'^f 
+ 07+ (1 + a7+)-2(l - a7+)-27(s)^ 

we infer that there exists Cq > such that 

I 

\\U^ - (1 - ai+)~^S\\B(m{o,m ^ Coa for < a < -— . 

This together with the min-max principle implies that 

|//!^(a) — (1 — a7+)~^//j| ^ Cqg for < a < - — . 

27+ 

Hence we get 

\ +f \ \ ^ n ^ 07+ (2 - 07+) I 

(1 - a7+)^ 

Combining this with (2.11) we arrive at (2.9). 
The proof of (2.10) is similar. □ 

Next we estimate the first eigenvalue of p. 

Proposition 2.4. Assume that /3a > |. Then T^^ has only one negative eigenvalue, 
which we denote by Cap- satisfies the inequalities 

-^/5'<Ci<-^/3' + 2/32exp(^-i/3a 

Proof. Let A; > 0. We will show that —k'^ is an eigenvalue of if and only if 
gaAk) ■■= log(/3 - 2k) - \ogiP + 2k) + 2ka = 0. 
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Assume that —k'^ is an eigenvalue of T^^. Notice that 

T^Kp) = {^^ Hl{{-a,a)); ^|(o,a) e i?^((0,a)), 

(^|(_«,o) eiy'((-a,0)), 

Let a nonzero be the eigenfunction of T^^ associated with the eigenvalue — /c^, then 
we have 

(i) -^"{u) = -k^ij{u) on (-a,0) U (0,a). 

(ii) V(±a) = 0. 

(iii) v'(+o) - V^'l-o) = -Pi^{o). 

Since T^^ commutes with the parity operator f(x) i— > f{—x), the ground state ij; 
satisfies i/^iu) = i/^i—u) on [0, a]. Combining this with (i), we infer that i/j is of the form 



Cie'=" + C2e-'=", ue{0,a), 



^i-) = \ ^.ku^n^-kJ J (2-12) 



Note that (ii) is equivalent to 



C2 = -Cie^'^". 



In addition, (iii) is equivalent to 

i2k + /3)Ci - {2k - (3)C2 = 0. 

Thus the equation for Ci and C2 becomes 

2k + (3 -{2k-(3)\ fCi 
e'^^" 1 l\Cn 



0. (2.13) 



Since (Ci, C2) 7^ (0, 0), we get 

det 



2k + (5 -{2k -P) 



which is equivalent to ga,/3{k) = 0. 

To check the converse, assume that ga,/3{k) = 0. Then (2.13) has a solution (Ci, C2) 7^ 
(0, 0). It is easy to see that the function ip from (2.12) satisfies (i)-(iii) and ip e V{T^p). 

Let us show that ga,p{-) has a unique zero in (0,/5/4). We have ^o,/3(0) = 0. Since 

d -4/3 
rf^^«./^(^) = ^^3ip+2«> 

we claim that ga,f3{') is monotone increasing on (0, |y^/3^ — ^) and is monotone de- 
creasing on (|-y//?2 — i/?). Moreover, we have 

lim 5'a,/3(A;) = -00. 
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Hence the function ga,j3{-) has a unique zero in (0, (3/2). Since a(3 > |, we have 

\\J 13'^ ~ ^ f • Consequently, the solution k has the form /c = ^— s, 0<s^^. 
Taking into account the relation ga,p{k) = 0, we get 

log 2s = log (2/? -s)- Pa + 2as < log 2/? - ^a/?. 

So we obtain s < /3exp(— |a/3). This completes the proof of Proposition 2.4. □ 

Next we estimate the first eigenvalue of T~^. 

Proposition 2.5. Let a/3 > 8 and (3 > §7+. Then T~p has a unique negative eigen- 
value Cap> ^'^^ moreover, we have 



1 o 2205 n / 1 \ 1 9 

■/^-^/3^exp(^--/3aj<C-,<-/^. 



Proof. Let us first show that ^ has a unique negative eigenvalue. Let A; > 0. As in 
the proof of Proposition 2.4, we infer that —k'^ is an eigenvalue of if and only if 

fee"" -7+ ^ 2fc + /3 

Since the left side of (2.14) is positive for /c ^ 7_|_ and the right side of (2.14) is negative 
for < < |, (2.14) has no solution in [7+, f ). We put 

q(k) — -r—, and hik) = 

> /ce-'='* + 7+ ^ ' 2k -(3 

Then we get limfc^oo g{k) = 00 and 

Thus gf(/c) is monotone increasing on (0, cxd). On the other hand, h{k) is monotone 
decreasing on (/3/2, 00), 

lim h{k) — 00, lim h{k) = 1. 

Hence (2.14) has a unique solution in {(3/2, 00). Since h{k) is monotone decreasing on 
(0,/3/2) and ^(0) = h{0), we claim that (2.14) has no solution in (0,/3/2). 

Next we show that g(k) > |^ for k \(3. We have |^ ^ 5 for /e ^ For 
k ^ |/?, we get 

g{k)>g{-,(3 



.4 

|/^exp(|a/3) -7+ 
f/?exp(-|a/?)+7+ 
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since 7+ < |/3 < |/3exp(|a/3) 



since a/3 > 8 



^ |/3exp(-|a/3) + |/3 
^ exp(fa/?) 
~ 2exp(-|a/?) + l 



2e-6 + 1 
> 5. 



So (2.14) has no solution in 00). Hence, the solution k of (2.14) is of the form 
/c = I + < s < i/?- From (2.14), we get 

5,5 2A; + /3 
li" ^ 2A;-/3 

/jgfca — 7_|_ 



ke + 7+ 

since 7+ < |/3 < |/9exp(i/3a) and fee''" ^ |/3exp(i/3a) 

^ |/jcxp(^/?a) 
^ ke~^°- + 7+ 

since /ce"^" < /c < |/3 and 7+ < |/3 

|/3exp(^/3a) 

^ I/? 
= |exp(i/3a). 

Thus we get s ^ ^/?exp(— |/3a), which gives A;^ ^ ^ and 

4 

45 2 1« ^ 1^45^ ^ 



4 4' "V2 y V4/ 
/32 2205 / 1 
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This completes the proof of Proposition 2.5. □ 

Now we are ready to prove Theorem 1. 

Proof of Theorem 1. We put a{(3) = 6/3~^ log/3. Let ■ be the jth eigenvalue of T^(^p-^ p- 
From Propositions 2.4 and 2.5, we have 

= C(/3),/3 and eJ,2^o- 

From (2.8), we infer that (a(/3))}j,feeN is a sequence of all eigenvalues of H^^^-^ ^ 

counted with multiplicity. From Proposition 2.3, we have 

+ > l^tW)) = f^i + Oip-HogP) (2.15) 

for j ^ 2 and k ^ 1. For j e N, we define 

^^':.- = cv+^fw))- (2-16) 

From Propositions 2.3-2.5, we get 

rp,j = -lP^ + f^j + 0{p-'logP) as P^oo. (2.17) 
Let n G N. Combining (2.15) with (2.17), we claim that there exists (3{n) > such that 

^^n<0' ^L<^h + ^'tW))^ and r^n<gj + f^kW)) 

for /3 ^ f3{n)^ j ^ 2, and k ^ 1. Hence the jth eigenvalue of ^ counted with 

multiplicity is t^j for j ^ n and /3 ^ /9(?^)- Let P ^ /3(?^) and denote by Kf{f3) the jth 
eigenvalue of -^'^(/s) From (2.4), (2.6), and the min-max principle we obtain 

r^,, ^«-(/9) and <(/3) ^ r+^- for 1 ^ j ^ n, (2.18) 

so we have k^(/5) < 0. Hence the min-max principle and (2.4) imply that Hp has 
at least n eigenvalues in (—oo, «+(/?)). For 1 ^ j ^ n, we denote by Xj{P) the jth 
eigenvalue of Hp. We have 

K-{f3)^Xj{f3)^K+{f3) for l^j^n. 

This together with (2.17) and (2.18) implies that 

(P) = -1/32 + + C»(/5-i log p) as /3 ^ oo for l^j^ n. 

This completes the proof of Theorem 1. □ 



3. Proof of Theorem 2 
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For a self-adjoint operator A, we define 

7V-(A) = tt{(7d(A)n(-oo,0)}. 

From (2.4), we have N~{L~^^) ^ ^aaiHis) ^ iV~(L+^). On the other hand, Lemma 
2.2, (2.6), and (2.7) imply that N-{H-^) ^ N' {1'^^) and A^~(i^J^) ^ N-{H+^). In 
this way we get 

N-iKp) ^ ^ N-{H-^). (3.1) 

Recall the relation (2.16). We define 

Kf = {jeN; T±.<0} 

and use the following proposition to estimate N~{H^p). 
Proposition 3.1. We have 

iK^ = ^p+0{logp) as P^oo. 

Proof. We choose C2 > such that -|C| ^ -1 - I7+. Let /? ^ max{2, C2}. Then we 
have - C^f < _ 1 _ 1^2 _ ^3 

={i e N; /.;(a(/3)) < -C+^^^^j 
by using Propositions 2.3 and 2.4 

DO' e N; + Cia(/9)i2 < - 2/52exp(-l/3a(/3))} 
since /X,- ^ [j/2]2(7r/L)2 + 

DO e N; 4[j/2]2(7r/L)2 + Ci(/5-^ log/3)j2 < l/^' - | - \lX) 



since ^ 2 



=0' e N 



i2(7r/L)2 + Ci(/3-' log/?)/ < - 1 - hT) 
i2(7r/L)2 + Ci(/3-Mog/3)j2 ^ K/5-C2)'} 
j ^ i(/? - C2)((7r/L)2 + Ci/?-i log/?)-V^}. 



Furthermore, from 

i(/3-C2)((7r/L)2 + Ci/?-Mog/?)-i/2 = M + C»(log/?) as /5 ^ 00, 
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we infer that 

tt^?^i? + ^(log/5) as p^oo. (3.2) 

Similarly we get 

J. 2 

4/3 



since 2(j - 1) ^ j for j ^2 

={1} U {j ^ 2; (j - l)2(7r/L)2 - AC^ip-' log/3)(j - 1)^ < i/?^ + 2205 ^ 1^2 | 
={1} U ^ 2; j < 1 + + 2205 ^ i7+)((^/^)' - 4Cir' log/?)-^/^}. 
However, 

1 + + ^ + - 4Cir ' = ^ + 0{\ogP) 

as /? — > 00, which leads to 

tt^^ ^ H + as /3 ^ 00. (3.3) 

Since t^j < t'^ we get D K'^. Combining this with (3.2) and (3.3), we get the 
assertion of Proposition 3.1. □ 

We also need the following result to estimate the second eigenvalue of 
Proposition 3.2. Let < a < and P > 0. Then has no eigenvalue in 

Proof. Let k > 0. As in the proof of Proposition 2.4, we infer that /c^ is an eigenvalue 
of if and only if k solves either 

tan/ca=^ (3.4) 

or 

i^nka^j^^(5. (3.5) 

For k e (0, ^), we have 

tanfca < \/2sinA;a < \/2A;a < (3.6) 



Thus (3.4) has no solution in (0, ^). For k e (0, niin{^, /?}), we have 

+ 2fc7+ a _ A = /^7+(/^-7+) + 2fc(7+)^/g + 2fe^ 
/37+-2P^ 7+ (/37+-2P)7+ 
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This together with (3.6) imphes that (3.5) has no solution in (0,min{^, ; P})- 

Consequently, T~p has no eigenvalue in (0, inm{^^, ^^,/3'^}). 

Next we show that is not an eigenvalue of T~p. As in the proof of Proposition 2.4, 
we infer that is an eigenvalue of T~p if and only if either 7_|_a = 1 or /3(7+a — 1) = 27_|_ 
holds. Since < a < and (3 > 0, we have 7+a < 1 and (3{'y+a — 1) < 27_|_. Hence 

is not an eigenvalue of T~p, and the proof is complete. □ 

Now we are in a position to prove Theorem 2. 
Proof of Theorem 2. Let us first show that 



N- 



^ a{i3) ~ ^-^13 sufficiently large /3 > 0. (3-7) 



Recall that {^^^ + {a{l3))}j^ken is a sequence of all eigenvalues of -f^(j(/3) p counted 
with multiplicity. From Proposition 3.2, we have 

This together with (2.10) implies that there exists (3q > Q such that ^ 
for /3 ^ /Sq. We obtain 

C^j + AtfeW))>0 for j^2, k^l, and p ^ Po- 

Thus we get 

^~(^a"(/3),^) =m,k) e N^; ^j+fi^iam < 0} 
=tlO-eN; T^-,<0} 
^^K- for (3^(3o. 

In this way we obtain (3.7). From (3.1), we get 

This together with (3.7) and Proposition 3.1 implies the assertion of Theorem 2. □ 

Remark 3.3. We can also prove (1.5) in the case that 7 is a curve which is not 
self-intersecting. Indeed, it suffices to use the following operators H^p instead of Ha,i3 = 
C/±®1 + 1®T±^: 

Ha,f3:=Ut^l + l^T^^f3 in L\{0, L)) ^ L\{-a,a)) = 1^(0, L) x {-a,a)), 
U+:=-(l-a^+)-'^ + V+{s) in L\{0,L)) 
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with the Dirichlet boundary condition, 

U-:=-(l + a^+)-'^ + V.{s) in L^{0,L)) 

with the Neumann boundary condition. 
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